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RESEARCH-BASED LEARNING THROUGH HOMEWORK
IN TERTIARY MATHEMATICS EDUCATION
THOMAS PAWLASCHYK1 AND SVEN-AKE WEGNER2
Abstract. Research-based learning constitutes a learning method in which learning is supposed
to take place in the format of research. There is extensive literature available on theoretical aspects
of this concept and on its practical implementation. In mathematics it seems however that many
of the research-based learning activities documented in the literature are, to some extent, optional
for the students, like, e.g., summer research projects or projects leading to a Bachelor thesis.
Research-based learning activities that include all student seems to be studied mainly in primary
and secondary education. In this article we suggest to implement research-based learning activities
into regular classes of foundational mathematics courses in tertiary education. Our approach uses
custom-made homework assignments that allow the students to perform research-like activities.
It builds on ideas that can be found already in the 1960s Bourbaki textbooks, namely to give
tasks that challenge the reader to find a counterexample or to generalize a previous theorem,
without that further hints or instructions are given. Our suggestion is to use this approach in
a systematic and rigorous way throughout the whole undergraduate curriculum. In this paper
we outline how this can be achieved by illustrating how classical tasks can be transformed into
tasks of the aforementioned type. We give examples that we used in courses on Real Analysis and
Differential Equations and we discuss feedback from our students.
1. Introduction
Teaching and learning formats that put the activity of the learners in the center of attention are a hot
topic in current research on education, see, e.g., Healey, Jenkins [10], Hutchings [13], Kay, Kletskin
[14] and Wilson [20]. There exists a variety of names for various teaching concepts that follow the
above idea. Research-based learning, problem-based learning and undergraduate research are only
the most prevalent ones and already for these three terms there are no unified definitions available in
the literature. The general assessment of learning arrangements that focus on the learners’ activity
is very positive, see e.g., Hmelo-Silver [11] and Stepien, Gallagher [19]. There are however also
critical surveys pointing out that the concepts have disadvantages and may fail if they are applied
without the appropriate preparations, see, e.g., Kirschner, Sweller, Clark [15] and Hmelo-Silver,
Duncan, Chinn [12].
In mathematics there is substantial literature available on undergraduate research. We refer to the
special issues [7, 8] edited by Hagedorn, Li, Rychta´rˇ and Taylor with many practical examples how
topics for projects can be found and how students can be supervised successfully, e.g., as part of
an actual research group or in the form of a summer project. Another example of research-related
activities with students is given by Flo´rez, Mukherjee [6] who worked with college students on
tasks mentioned in the problem section of the Fibonacci Quarterly intended for interested readers.
Erickson [5] processes classical geometric interpretations of the logarithm to serve in problem-based
learning in secondary education. Clark, Breed, Fraser [4] also focus on high school education.
Halverscheid [9] gives an overview of problem-based learning in German high school and college
education. Lithner [17] discusses principles for the design of tasks that foster imitative and creative
reasoning in mathematics in contrast to tasks that rely on algorithmic approches. In particular,
Lithner surveys tasks that come on purpose without that a solution method has previously been
explained. Komatsu, Jones [16] designed tasks in geometry to foster so-called heuristic refutation,
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i.e., revising conjectures/proofs through addressing counterexamples. Both articles are concerned
with secondary education.
In this article we extend the aforementioned concept to tertiary mathematics education. We illus-
trate how custom-made homework assignments, that do not just ask for computational applications
of results from the lectures, but demand to extend the results by requiring students to prove or
disprove generalizations, can be used in an undergraduate university context. It is crucial that
in these tasks it is not clearly stated which result has to be proved but that it is part of task to
find out what could be true and what could not. We decided to use the term “research-based” to
describe this type of task design. This is not optimal in view of the divergent use of this word in
the literature. We feel however that it fits better than the term “problem-based” as our main aim
is to emulate activities typical for foundational mathematical research. Although our students of
course solve problems, our focus is the research-like activity. Moreover, we do not want to convey
that we deal with real life or application problems when this is not the case in this article. Finally,
we believe that the notion of “undergraduate research” should be reserved for actual innovative
research carried out by students, which we are not treating in this contribution.
The article is organized as follows. In Section 2 we give two examples of assignments that we used in
the classroom. By outlining possible variants we exhibit a general principle how to transform classical
textbook questions into questions of the type explained before. We discuss grading outcomes and
exemplary student solutions and we point out that working on our tasks imitates typical research
activities in mathematics. In Section 3 we present feedback that we collected from our students and
in Section 4 we draw conclusions on how our approach can be further improved.
2. Research-based learning in mathematics
Mathematical research is difficult as long as the researcher is still searching for the correct result
and the corresponding proof. The only thing that seems to be even more difficult, is to explain to
others how the final insight that gave rise to a new theorem was in detail obtained. Every teacher
knows that the students’ suggestion “Show us the solution, then we will learn how to find it” does
not lead to an effective teaching strategy when it comes to higher mathematics.
In this article we report on practical experiences with certain types of exercises that, when used
systematically, can support the students to acquire precisely those competencies, which are difficult
to put into words, but which determine a successful researcher. It is clear that it is neither feasible
to involve all undergraduate students into current mathematical research, nor is it possible to let the
students find the mathematical concepts, that have been invented centuries ago and since then been
improved by the world’s most capable scientists, within a 3-years BSc education from scratch and on
their own. This work originates in the attempt of the authors to implement nevertheless elements
in their courses that allow the students already at the beginning of their studies to acquire those
competencies that in the end make the difference between the ability to apply known techniques to
standard problems and the ability to find new techniques for new problems.
The type of exercises that we propose to use is not new. Indeed, already in the mid-century Bourbaki
textbooks exercises of this type appear. For instance, in [1, § 2, no. 3, Exercise 1]
“Donner un exemple de module noethe´rien et non artinien M tel que tout endormor-
phisme 6= 0 de M soit injectif et qu’il existe des endomorphismes de M non bijectifs et non
nuls.”
the students are asked to construct a (counter-)example, in [2, § I.4, Exercise 10(b) on p. TG I.96]
“Soit (X ′α, f
′
αβ) un second syste`me projectif d’espaces topologiques ayant meˆme ensem-
ble d’indices suppose´ filtrant, et soit, pour tout α, uα : Xα → X ′α une application continue
telle que les uα forment un syste`me projetif d’applications. Les uα(Xα) forment un syste`me
projectif des sous-espaces des X ′α; montrer que si u = lim← uα et si on suppose les fα surjec-
tives, u(X) est dense dans l’espace lim← uα(Xα). La proposition est-elle encore exacte
lorsque les fα ne sont plus suppose´es surjectives (cf. E, III, p. 94, exerc. 4)?”
they are asked if a previous theorem remains true if one of the assumptions is dropped, and in [3,
§ I.2, Exercise 16(d) on p. A I.121]
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“Pour tout a ∈ E, montrer que la translation a` gauche γa appartient a` Φ; soit ϕa sa classe
(mod.R). Montrer que l’application x 7→ ϕx est un isomorphisme de E sur un sous-mono¨ıde
de Ψ, et que si x ∈ E∗, ϕx est inversible dans Ψ (conside´dere l’application re´ciproque de γx,
montrer qu’elle appartient a` Φ, et que sa classe (mod.R) est inverse de ϕx). En deduire
une ge´ne´ralisation du th. 1 de I, p. 18.”
a previous theorem has to be generalized. In view of these examples one might consider our concept
as the new clothes of a classical educational technique. We emphasize that what is new in our
approach, is to implement the above in a systematic way into regular classes. We propose a concept
that makes already in an early stage of tertiary mathematics education (ideally from the first year
at university) the experience of research-like discoveries possible for every student.
2.1. Ordinary Differential Equations
The starting point for this article was a course given in the winter term 2016/2017 at the University
of Wuppertal (Germany) about Ordinary Differential Equations. This course gave an introduction
to basic existence, uniqueness and extension theory for solutions, stability theory and solution
methods. Our students mostly were mathematics majors in the third year of their Bachelor studies.
The assessment consisted of weekly homework sheets and an oral exam at the end of the course.
The final grade for the course was given by the grade in the oral exam improved by one step (e.g.,
A- instead of B+) if the student scored between 50% and 70% on the homework sheets, and by
two steps (e.g., A instead of B+) if the student scored above 70% on the homework sheets. When
designing the homework tasks, our aim consequently was on the one hand to provide a fair chance
to score above 50% resp. 70% and on the other hand to prepare for the oral exam. In the latter
questions focussed more on theoretical understanding than on computations. In order to achieve
this, we gave several non-standard tasks like to find a certain example or to discover the relation
between given conditions without that explicit instructions on how to tackle the task were provided.
The following exercise is a prototype example.
Exercise 1. Let f : Q := [a, b] × [c, d] → R, (x, y) 7→ f(x, y) be a continuous map.
Compare the following three conditions.
(i) f is Lipschitz continuous.
(ii) f satisfies a Lipschitz condition with respect to y.
(iii) f(x, ·) : [c, d]→ R is Lipschitz continuous for every x ∈ [a, b].
We recall that f as above is Lipschitz continuous, if
∃ L > 0 ∀ (x1, y1), (x2, y2) ∈ Q : |f(x1, y1)− f(x1, y2)| 6 L‖(x1, y1)− (x2, y2)‖ (1)
holds, that f satisfies a Lipschitz condition with respect to y if
∃ L > 0 ∀ (x, y1), (x, y2) ∈ Q : |f(x, y1)− f(x, y2)| 6 L|y1 − y2| (2)
holds, and that f(x, ·) : [c, d]→ R is Lipschitz continuous for every x ∈ [a, b], if
∀ x ∈ [a, b] ∃ L > 0 ∀ y1, y2 ∈ [c, d] : |f(x, y1)− f(x, y2)| 6 L|y1 − y2| (3)
holds. In (1) the symbol ‖ · ‖ denotes an arbitrary norm on R2. Looking at the quantifiers it is
clear that (i)⇒(ii)⇒(iii) can be seen by putting x = x1 = x2 and L(x) = L, respectively. In order
to see that (ii)⇒(i) is not valid one can adapt the proof for the root function on the unit interval
being continuous but not Lipschitz continuous. More precisely, one defines f : [0, 1] × [0, 1] → R,
f(x, y) = x1/2. Constructing a counterexample for (iii)⇒(ii) is probably the hardest part of Exercise
1. One approach is to look for a function that has at all points (x, 0) in y-direction a finite gradient
but the gradients tend to infinity when x approaches zero, see Figure 1 for a picture. An explicit
conterexample is for instance f : [0, 1]× [0, 1]→ R, f(x, y) = (x + y)1/2x1/3.
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Figure 1. Idea how a counterexample for (iii)⇒(ii) could look like.
During the discussions with our students we observed immediately, that the formulation “Compare
the conditions. . . ” in Exercise 1 appeared to be very unusual to them and that it was hard for
them to understand what was required to be done in Exercise 1. Indeed, the students were used to
formulations like “Show. . . ”, “Prove. . . ” or “Find. . . ” followed by detailed instructions. We give a
classical version of Exercise 1 below.
Exercise 2. Let f : Q := [a, b]× [c, d]→ R, (x, y) 7→ f(x, y) be a continous map.
(i) Assume that f is Lipschitz continuous. Prove that f satisfies a Lipschitz condition
with respect to y.
(ii) Assume that f satisfies a Lipschitz condition with respect to y. Prove that the
map f(x, ·) : [c, d]→ R is Lipschitz continuous for every x ∈ [a, b].
(ii) Let f : [0, 1] × [0, 1] → R, f(x) = (x + y)1/2x1/3. Show that f(x, ·) is Lipschitz
continuous for every x ∈ [0, 1]. Show that f does not satisfy a Lipschitz condition
with respect to y.
(iv) Find a function f : [0, 1] × [0, 1] → R, (x, y) 7→ f(x, y) that satisfies a Lipschitz
condition with respect to y but which is not Lipschitz continuous.
It is clear that Exercise 2 is easier in that one of the two counterexamples is given. In addition it
is of course considerably harder to prove the correct implications and find counterexamples for the
wrong implications if one does not know a priori which ones are correct and which onces are wrong.
However, comparing existing conditions, by either trying to prove implications between them or by
constructing examples to disprove them, is a typical task in mathematical research. Of course one
can think of even more research-like versions of Exercise 1, see for instance the following variant.
Exercise 3. Discuss the notion of a Lipschitz condition for f : [a, b]× [c, d]× R→ R,
(x, y) 7→ f(x, y) with respect to y.
This exercise would include firstly the task to find reasonable other conditions that one can compare
with the condition to be discussed. Exercises that include such a high amount of research-like
activities we did not use in the course. However, as a follow-up, we discussed in a Bachelor thesis,
see Passias, Wegner [18], that changing the quantifiers in the Lipschitz condition, i.e., replacing
(2) with (3), leads not to a sufficient condition for the Picard-Lindelo¨f theorem to hold. From a
higher perspective this was our motivation to discuss (1)–(3) in the first place during a course on
differential equations.
2.2. Real Analysis
The second part of this section is devoted to another example of an exercise that we used in a
course taught at the University of Wuppertal (Germany) in the summer term 2017. The course
Real Analysis II is the middle part of the sequence of courses Real Analysis I-III which are all
mandatory for mathematics majors and which cover continuity, differentiation and integration of
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functions first in one and then in several real variables. In this case the assessment was a written
exam and the students needed to score above 50% to be admitted to this exam. There was no
option to improve the exam grade through the exercises this time. Our prototype task is again to
determine the relation between central concepts introduced in the lecture.
Exercise 4. Let U ⊆ Rn be open and x0 ∈ U . For f : U → Rm we consider the
statements (i)–(vi) below. What is the relation of these statements? Justify your
answer.
(i) f is continuously partially differentiable at x0.
(ii) f is totally differentiable at x0.
(iii) f is continuous and partially differentiable at x0.
(iv) f is partially differentiable at x0.
(v) f is continuous at x0.
(vi) There is a unique matrix A ∈ Rm×n such that lim
x→x0
x 6=x0
f(x)−f(x0)−A(x−x0)
|x−x0| = 0 holds.
For the solution the students firstly needed to find out that (i)⇒(ii)⇒(iii)⇒(iv) and (iii)⇒(v) had
been shown already in the lecture or are trivial. Secondly, they had to provide counterexamples in
order to show that none of these implications is an equivalence. Then the students had to prove
that (ii) and (vi) are equivalent and finally they had to show that neither (iv)⇒(v) nor (v)⇒(iv) is
true, again by giving suitable counterexamples. The following diagram
contains the full picture of all valid and non valid implications.
Thirty students worked on this exercise. The first part, citing corresponding results from the lecture,
was indeed done correctly by 26. Only three students gave the counterexamples that we mentioned
above as the second step, while the rest of the students did not discuss the converse directions at
all. Only six students properly showed that (ii) and (vi) are equivalent. The other students only
mentioned that (iii)⇒(vi) follows directly from the definition but did not give further arguments.
In particular, they did not show that (ii) determines the matrix A uniquely. The last question
about the relation of (v) and (iv) was not discussed at all. We mention that all students ignored
that most of the statements from the lecture were only stated for functions f : U → R but that
here vector-valued functions appear which requires to use the arguments of the lecture for each
coordinate function.
The grading result of the exercise is given in the following table
N AV SD
Grading results for Exercise 2
(min=0 points, max=10 points)
30 2.5 2.0
Table 1. Grading results for Exercise 4.
and it indicates that this level of complexity was maybe to high. There are however other factors,
e.g., that this was only one of five exercises for one week and that there was—compared to the
first course that we mentioned in this section—no grade improvement possible by a high score. We
conclude this section with the following solution handed in by one of the students.
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Figure 2. Student’s solution for Exercise 4.
We emphasize that mentioning the trivial statement (iii)⇔(iv)∧(v) but not discussing the majority of
the non-trivial statements illustrates how much freedom this type of exercises leaves to the students.
Although the solution in Figure 2 is by far not satisfactory, it shows that the student analyzed the
properties and recognized at least this trivial equivalence and the results from the lecture.
3. Student’s feedback
During the course on Ordinary Differential Equations we gave in addition to Exercise 1 several other
tasks of similar design. Among these were the request to construct a certain example (five times),
and the question if an effect that was discovered earlier still can take place if the assumptions are
changed (one time). The major part of the course’s exercises (12× 4 = 48 questions) were classical
textbook problems.
At the end of the course we asked the participants to rate these non-classical assignments using
scales from 1 to 6 and to give individual and anonymous feedback. The questions and the outcome
read as follows.
N AV SD
After completing the oral exam, please rate the non-
classical exercises (1=not helpful, 6=very helpful).
11 4.82 1.17
Please rate how the non-classical exercises supported your
learning during the semester (1=not at all, 6=very much).
11 4.36 1.36
Please compare the non-classical exercises to classical ones
(1=like classical ones more, 6=prefer non-classical ones).
11 4.27 0.90
Would you like to work on non-classical exercises again
in the future (1=don’t want, 6=want very much)?
11 4.91 0.94
Table 2. Students’ rating of our exercises.
In the individual feedback the students mentioned explicitly, that the non-classical tasks encourage
to study intensively (seven times mentioned), that they require to work independently (four times
mentioned), and that they foster creativity (three times mentioned), e.g.:
“These exercises encourage to think more intensively
about the theorems, lemmas etc. and foster the creativity.”
The students mentioned that the tasks are difficult (four times mentioned), e.g.:
“During the semester it was difficult to engage with such exercises,
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in particular when the topic was still very fresh and there had
not been the time to think it through completely.”
The answers however indicate that a suitable preparation by standard tasks helps to solve the
non-classical tasks successfully. Indeed, it was mentioned explicitly that the tasks are not helpful
without suitable preparation (three times mentioned), but helpful if prepared properly (four times
mentioned), e.g.:
“After several standard exercises these exercises were
well-manageable and helped also to grasp the topic.”
In view of the formal assessment, the students mentioned that the exercises are helpful to prepare
for the oral exam (three times mentioned) but it was remarked that with these tasks it is difficult
to obtain credit for grade improvement, e.g.:
“If the exercises are only for the preparation of the [oral] exam, then these types of tasks
are very helpful. However, if one wants to collect credit, then they are rather annoying.”
It was pointed out that both types of exercises are important as they address different levels of
understanding. In particular, the students mentioned that the tasks help to obtain a deeper under-
standing (seven times mentioned), e.g.:
“Conventional exercises are good for the first understanding,
but [. . . theese tasks are good] for a deeper understanding.”
4. Conclusion
In this article we explained how modification of standard textbook tasks can be used to emulate
research-like activities in regular classes of tertiary mathematics education. We feel that formulating
exercises in the way illustrated in Section 2 makes a substantial difference and can enhance the
learning process tremendously. We believe that students gain more insight when they first have
to formulate conjectures and then try to prove them instead of following a list, worked out by the
teacher, of things they should prove or disprove. Our experiences explained in Section 2 and the
feedback summarized in Section 3 support this impression but underline also that finding challenging
problems is not the end of the story but only its starting point. Indeed, we suggest that teachers who
wish to use the the concept introduced above should keep in mind that the non-classical problems
need to be prepared by classical ones and should not be “too far away” from what the students
saw already in the course and that an investment of time and energy on the student side has to
be fostered, e.g., through credit or for instance by pointing out that these particular tasks are an
essential exam preparation.
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